We investigate the evolution of vortex wave front dislocations in multiple-wave second-harmonic generation processes in quadratic nonlinear media. Vortices nested in finite-size host beams are shown to nucleate and to annihilate in pairs, and to move across the transverse wave front during the beam evolution. A closed-form model that holds under conditions of negligible-depletion of the pump beam is developed to describe the vortex dynamics in order to predict the number of vortices present in the wave fronts of the beams at any instance of the propagation. Results are compared with numerical simulations of the full governing equations and with experimental observations. Limitations of the model are outlined. q
Introduction
Singular beams, namely those that contain wave front w x dislocations 1,2 , exhibit unusual properties even in linear optics, in free-space propagation. Screw dislocations, or w x optical vortices, are a common dislocation type 3-5 . They are spiral phase-ramps around a phase singularity where the phase of the wave is undefined thus its amplitude must vanish. The order of the singularity multiplied by its sign is referred to as the topological charge of the vortex.
In the case of ideal dark-like fields that extent to infinity in the transverse direction, the net charge of the existing dislocations is conserved during the wave propagation in a linear continuous medium. However, it has been shown recently both experimentally and theoretically by Soskin and co-workers that such is not necessarily the w x case with finite-size beams 6 . In particular, they showed that in a combined beam, made of the superposition of a vorticity-less Gaussian beam and a Gaussian envelope tices can nucleate, annihilate, or move from or to the beam tails during free propagation in a linear medium. Briefly, the main results are: Addition of a coherent coaxial vortex-free beam to a beam with a m-charged vortex may change the number of vortices and the net topological charge of the dislocations present in the combined beam. Depending on the parameters of the two beams, the number of vortices in the combined beam may vary between 0, m and 2 m . The net topological charge of all the vortices present is either m or 0. More precisely, in the free-space propagation of the combined beam from the waist of the singular beam to infinity, the number of vortices present in the combined beam changes for any choice of parameters of the input light, with the exception of the case of exactly equal transverse sizes of the singular and the vortex-free input beams.
Parametric, nonlinear mixing of multiple waves containing wave front dislocations can potentially offer a much richer variety of phenomena. Because of the parametric interaction, the waves exchange not only energy with each other but also nonlinear phase-shift, hence wave fronts. Therefore, a general question arises about the evolution of the topological charges existing in the waves of different frequencies. Such evolution, including the number of dislocations present, depends on the competition ( )between the various features of the interacting waves. Here we consider a particular but important case of secondharmonic generation of light in quadratic nonlinear media, where one fundamental wave at frequency v and one second-harmonic wave at frequency 2 v parametrically mix.
In up-conversion of fundamental waves with moderate input powers and wide beams, light undergoes frequency doubling together with the generation of a phase dislocaw x tion nested in the second harmonic beam 7-10 . The topological charge of the dislocation in the secondharmonic beam is dictated by the charge of the input light. A totally different situation is encountered when a coherent second-harmonic wave, with a well defined topological structure, is also input at the crystal together with the fundamental beam. Here we analyze the case that previw x ously was studied by us experimentally 11 , namely, when the input fundamental is a Gaussian beam that contains a single charge vortex and the input second-harmonic seed beam is a vorticity-less Gaussian beam.
First, we develop an analytical model of the vortex dynamics based on the assumption of negligible-depletion of the fundamental beam. It is shown that under such regime the vortex dynamics can be described with an w x approach similar to that in Ref. 6 . Then, using that model we predict a rich dynamics of spontaneous appearance and disappearance of vortices during the beam evolution. Results are compared with numerical simulations of the full governing equations and compared with experimental observations. Limitations of the model due to the failure of the negligible pump-depletion regime are outlined. 1 1 2
wave vector mismatch.
The linear parts of the above equations are the scalar wave equations at the fundamental and second-harmonic frequencies in the paraxial approximation. One readily finds that they have solutions consisting of a Gaussian envelope carrying a nested screw phase dislocation with topological charge m, with the form 
which corresponds to a double-charge vortex nested in a Gaussian-like beam with the same confocal parameter as a w x fundamental beam 9 ; also its radial dependence is identi-Ž . Ž . cal to that of the source term. Using 7 in 6 , one arrives at
Thus, letting a sy1 and a sy1r2, yields
This equation can be integrated directly to obtain
where b s b z , and
Therefore, the generated second harmonic field is
The whole SH field a is the superposition of the gener-
ated field A given by 12 and the seed A given by 4 . 2 2 To find the positions of the vortices in the total SH beam we need to write two equations, one giving the radius of the zero-amplitude points where the modulus of the amplitudes of the Gaussian seed and the generated second harmonic wave are equal to each other, and another giving the angular coordinate where the destructive interw x ference between both beams occurs 4 . The first equation is 
where r s rrw ,
Ž .
Õ
Depending on the values of the various parameters of the two Gaussian envelopes of the FF pump and the SH seed, we identified three possible scenarios: Ž . Ž . A: a j ,k -0. Then, Eq. 15 has only one root two Õ times degenerate. This corresponds to the presence of two vortices in the total SH beam which are located at the same radial coordinate but at a different symmetrical azimuthal position, and occurs when:
' ' Ž .
where e s exp 1 .
Ž . 2. Two double-degenerate roots of Eq. 15 . This corresponds to four single-charge vortices in the SH beam, and occurs when
One double-degenerate root of Eq. 15 . This corresponds to the critical points where nucleation or annihilation of two vortex twin pairs takes place, and occurs when
In Fig. 1 we have plotted the summary of all such possibilities for b s 0 and b / 0. The labels of the different regions of the plot stand for the predicted total number n of single-charge vortices present in the total SH beam as a function of propagation distance inside the nonlinear crystal, assuming negligible pump-depletion conditions, for three values of ratio between the width of the two input FF pump and SH seed beams k. The discrete points appearing in the figure correspond to some of the conditions of the numerical simulations showed below and are included here for easier reading.
'
The solid vertical lines located at j s 2 k separate Notice that features in Fig. 1 are qualitatively similar to w x those that are obtained in linear media 6 . The quantitative differences are due to the dynamics of the SH generation process. In particular, in the case we examine here the critical value of k separating different regimes of vortex ' dynamics is k s 1r 2 , to be compared with the value k s 1 that holds in the linear case. Such difference is due to the fact that under low-depletion conditions the gener-' ated SH beam is 2 times narrower than the FF pump beam.
One of the most important results shown by Fig. 1 is that the aspect ratio k is also the parameter that determines the value of the total topological charge of the vortices present in the SH beam at large propagation ' distances. For k ) 1r 2 such net charge is always 2, ' whereas when k -1r 2 the net charge is always 0: there are either no vortices at all in the wave front of the SH beam, or there are 2 vortex-pairs with zero net charge.
Numerical simulations
To check the predictions and limitations of the negligible pump-depletion model, not only in terms of the number Ž . of vortices predicted by 13 and shown in Fig. 1 but also Ž . in terms of their azimuthal location predicted by 14 but not visible in Fig. 1 , we performed series of simulations by Ž . solving the full governing equations 1 with a split-step Fourier algorithm for a variety input conditions in the negligible pump-depletion regime. We examined the evo-Ž . lution of input beams with the form a j s 0 s 
'
Nearby the critical propagation distance j s 2 k , Fig. 1 Õ predicts the existence of vortices very far from the beam center that come from, or go to infinity. In the numerical simulations for such conditions the corresponding vortices would be located either outside the calculation window or at points where the field amplitude amounts to very small values, comparable to the accuracy of the numerical scheme. Under such conditions, the outcome of the numerical experiments is not conclusive. Thus, in what follows we do not consider such cases. Fig. 4 they exist only at an extremely narrow region of propagation distances, not displayed in the plot. However, input conditions can be chosen so that the 4 vortices are visible. The important conclusion raised by Fig. 1 and confirmed by Fig. 4 is that the most favorable conditions for the experimental observation of the 4 vortices occur at phasematching.
It is important to stress that Fig. 1 is only intended to hold under conditions of negligible depletion of the FF pump beam. Otherwise, its predictions are not necessarily valid. When the pump beam exhibits significant depletion power goes back and forth between the FF and the SH beams and new vortices can also appear in the FF beam. Because Fig. 5 corresponds to high-amplitude input beams, the drastic difference between the plots and the predictions of the negligible pump-depletion model are clearly visible. More subtle differences are obtained for lower-amplitude inputs. Fig. 6 illustrates such situation. It shows the interference patterns obtained for the SH beams when k s 0.5 under conditions where the very small, albeit not exactly vanishing, pump depletion. The location Ž . of the corresponding conditions in Fig. 1 a is indicated with circles. One observes in the plots the single-charge Ž . vortices predicted by Fig. 1 a , namely 2 ) vortices are numerically-induced, we repeated the simulations with different grid densities and widths and obtained identical results. In particular, when the nonlinearity was switched-off the vortices did not appear, consistent with the fact they are induced by the parametric wave interaction. The additional vortices always appear and stay at distances very far from the beam axis where the field amplitudes are very small. Therefore, they have a limited experimental relevance. Yet, they show the limitations of the negligible-pump depletion approximation in the rigorous mathematical sense. The detailed investigation of the fascinating dynamics of such depleted pump regime requires a separate investigation that falls far beyond the scope of this paper.
Comparison with experiment
Experimental observation of the nucleation of vortex pairs under conditions that fall inside the regime considw x ered here was reported recently in Ref. 11 . Experiments were conducted in a 2 cm long potassium titanyl phosphate Ž . KTP crystal cut for Type II phase-matching for the pump fundamental wavelength 1.064 mm. A Q-switched Nd:YAG laser was used to provide coherent 8 ns pulses with a spatial Gaussian shape at the fundamental and second-harmonic frequencies. Both a pump FF beam with a charge 1 vortex dislocation and a weak vorticity-less SH seed were supplied at the entrance face of the crystal. Inside the accuracy of the experimental equipment, the widths of the beams were both equal to some 60 mm. Thus, the aspect ratio k f 1, the diffraction length of the FF pump z f 2 cm, which coincides with the actual 0 Õ length of the crystal, and the critical length j f 1. The Õ input light intensity was chosen to be well inside the low-depletion regime. Fig. 8 shows the experimentally observed light distribution and interferograms for the SH Ž . beam at the output of the crystal at phase-matching b s 0 w x 11 . The pictures show the existence of two vortex pairs with zero net charge, consistent with the predictions of Ž . Fig. 1 b for a wide range of input light intensities.
Conclusions
We presented a simple model to describe the evolution of vortex wave front dislocations in nonlinear parametric wave mixing in quadratic nonlinear crystals under conditions of low-depletion of the pump signal, and applied it to the case of seeded second-harmonic generation with pump beams with single charge vortices nested in Gaussian envelopes. In the framework of negligible pump-depletion regime the model predicts that the number of vortices in the SH beam may vary between 0, 2 and 4, depending on the various beam parameters involved and on the propagation distance inside the nonlinear crystal. Predictions were shown to be in reasonable agreement with results of numerical simulations of the full governing equations and also consistent with previous experimental observations. The model can be potentially extended to general Law x guerre-Gaussian input beam profiles 13,14 , to arbitrary topological charge mixing, to Type II phase-matching geometries, to include Poynting-vector walk-off, and to general three-wave mixing interactions. Of particular interest are the fascinating cases of vortex nucleation in quanw x tum-noise parametric amplification 15 , and the explosion w x of higher-order vortices 16 in walking parametric wave mixing.
